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In bodies containing inclusions of different material and, in particular in those
of laminated structure, the elastic properties of the medium may change
abruptly from one finite value to another from point to point, This is accom~
panied by an abrupt change of some stress tensor components, The relation
between stresses at two adjacent points located on different sides of a discon-
tinuity surface of elastic properties of the material is established in this paper.

l, The three-dimensional problem, Letusconsider a body
of arbitrary form with an anisotropy of the most general kind, The body is subjected
to constant or time-~dependent forces. We denote by § one of the surfaces inside
the body along which the functions that determine the mechanical properties of the
material become discontinuous at its various points. We select on surface § some
point M and introduce in the analysis the orthogonal curvilinear coordinates £, n, {
such that surface { (x, y, z) = {* merges with § at M (E*, w*, {*) and in some of
its neighborhood. We have to determine the stresses at point M, (E*, n*, {* + 0},
when the stresses at point M, (E*, n*, {* — 0) lying next to M: on the other side of
surface § are known,

If we assume the presence of the elastic potential, the formulas of the generaliz-
ed Hooke's law in the selected coordinate system is of the form

Bge = nOpe -t €100y CusSpr b 10y F C1305 + Cr8%yg (1L, 1)
enn?—‘l ijgg "*“ szsnn “{" ........... + Cgsﬁnc
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where ¢ox; = ey (€, 1, {) are the material elastic parameters that become discontinu~
ous along S, and Sijs € (i, ] = &,y §) are stresses and strains,

The considered body may, obviously, be assumed to consist of two bodies bonded
along surface S.

Owing to complete bonding the conditions

e +
ui == Y .

e o=y (=%,m ) (1.2)
must be satisfied in the contact zone by the displacements ¥; and stresses oy .
Here and in what follows the superscripts minus and plus denote, respectively, func-
tions at points My and M.. It is assumed that no concentrated forces act between
these points,

Thus the stresses o (¢ = & 1, {) are equal at points M; and M, ., Consequent~
ly, we omit henceforth the plus and minus signs at these, Since stresses S, Syn: Oty
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do not appear in formula (1, 2), only they can become discontinuous on § and change
abruptly between points M; and M,.

Thus, if the stress tensor components are known at point M,, the problem reduc-
es to the determination of cgg, o;‘m, Ggq'-

For the determination of strains from (1. 2) we have

C=fl  E = En ey (1.3)

Similar relations for &g, €4, € may not be necessarily satisfied, since the
Yormulas for their computation contain derivatives of #; {{ = &, 0, {) in a direction
normal to § but, obviously, generally

5ui'/3§ = 8u,-+/a§

Substituting the expressions in (1, 1) into (1.3) we obtain for the determination of

ofe. S sf, a system of algebraic equations whose solution in matrix form is

0 = CCy0y (1.4)
eyt et eyt 6 == col {Sgg, G;ﬂ’ ng}
C =|lent oyt ct|,
et eat cut| 1= col {Sgr, Suys Sgyy Sgps Sggy Ogd
o~ G O CisT —Cgt 6T — ot g — et
Cy=|en™ ca™ Caa~ Cpa ~—Cagt Coy” —Cggt  Cagm — Oyt
Cla”™ Cos” Caa Cag =~ Caat Cg5” — Capt CagT — gt

In the particular case of isotropic material relations (1.4) are considerably simpli-
fied, and may be written as

ofp = Bioge + By + BsSyys  ofy = Bupy (1.9)
G = BaSgg + Baoqy + BsSg;

Gt {1 —v-vH) G+ (vF —v)
bh=gua—marv b-Tao—wa+w

vt Grv= (1 - vt) G
b=dT—w—CTa—wWmitv " b=T6

where ¢ is the shear modulus and v the Poisson ratio.
Formulas (1,5) imply that
(1.6)

+ + G+ _ -
Ogx — Smq = @~ (% — )

I " =v" =v, formulas(l.5)assumne the form
+ _ Gt — G~
Sk =Sk T TG (
validity of the derived formulas can be tested on the example of any problem(in
particular on the problem in [1] ) on the state of stress of a composite body, for which
a rigorous analytic solution is available. These formulas enable us to evaluate each
of the stress tensor components, as well as the effect of the "jump” in the material
elastic properties on the character of the abrupt change of the stateof stress of the body
at transition through surface §. They are also of interest in the development of a

more precise theory of reinforcement,
The obtained formulas make possible a reduction of the computation process.

- v Gv
=Ty ) k=L, ol —g=om  (L7)
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Thus for determining the stress fields in laminated systems it is necessary to determine
for each layer with ordinal number n expressions of the form [2, 3]

too

> imb \ I, (ar) s (z, a,m) da (1.8)

%

Me=—00 [i}

where r, B, z are cylindrical coordinates, J,, (ar) is a Bessel function of the first
kind of order m, and s issome function of z and parameters m and = «,
whose form is determined by the type of loading and the inhomogeneity of the struc-
tural material,

Each function s depends on the unknowns CV = Mo, m) (k=1,2,...)
which are determined by a system of algebraic equations, Owing to the unwieldiness
of obtained expressions, it is difficult to discern the existence of formulas (1,4) or
{1.5)—(1,7). Because of this, in earlier investigations of state of stress in laminated
bodies, the laborious computation based on expressions (1, 8) were carried out separat-
ely for each of points M, and M,.

Formulas (1.4) or (1, 5) and (1, 7) make possible a considerable reduction of the
computation time, since it is sufficient to determine stresses only at point M; using
expressions of form (1, 8) and, then, using the above forrnulas, determine the abrupt-
1y changing stress tensor components at the adjacent point M, lying on the opposite
side of the bond surface of layers,

As an example of application of derived formulas, let us consider the problem
encountered in the calculation of pavements. An inhomogeneous layer of thickness

h rests on a homogeneous isotropic half-space z> & to which it is bonded. The

variation with depth of the [pavement] layer shear modulus conforms to the hyper-
bolic law G (z) = Go (1 + e2)¥, while
the shear modulus of the half-space G+ =
const. The Poisson coefficient of the

7 structure v = Y/,. The layer is subjected
to stresses ¢ normal to its surface which
are evenly distributed over the area of 2
circle of radius 8. We have to deter-
mine the normal stresses s:7, 64 and o,
at points M, and M, lying on the 2z -
axis on opposite sides of the plane z =&

G* (Fig. 1).

An analytic solution of this probiem
appeared in [3], Formulas presented here
were used for determining the stresses

7 s, = 0g” and S at point M, of the
layer., Some of the obtained results are
tabulated below. The left- and right-
hand columas of figures relate, respectively, to &+/G- = 0.2 and 6*/ G =03,
where G~ is the shear modulus at the base of the layer, Formulas (1,7) with (€ = r,

n =P, L =1z 6 =0, Oy = % Sz = ;) were used for calculating stresses s,*
= 5g* atpoint M,.

20

Fig,1



Stress distribution in the zone of an inhomogeneous material 819

2, The plane problem, We assume that at every point of a linearly
elastic body it is possible to draw perpendicularily to the : -axis a plane such that
any two directions symmetric about it are equaivalent as regards the body elastic prop-
erties, We further assume that the mechanical properties of the material are functions
of coordinates = and y, and that § is one of the cylindrical surfaces on which these
properties become discontinuous, We shall consider the case of plane deformation in
the 2Oy -plane, and denote by L the curve of intersection of that plane with S.

Go/G~ 8/h o./q-102 —02/q.10 o:'/q.ios

2 0.6 404 46 179 313 9.2 5.5
2 1.0 693 25 363 573 —6.6 —37.3
2 1.4 829 —44 527 1743 —45.0 —110
10 0.6 332 48 134 252 12.8 13.2
10 1.0 618 52 286 489 9.2 —~7.3
10 1.4 800 9 431 665 —12.4 —59.3

As in the preceding problem, we take some point of L, and introduce in the
zOy -plane the curvilinear coordinates &, m, with the curve n (z, y) = n* merg-
ing with L at point M (£*, q*) and in some of its neighborhood.
Thus the problem consists of determining stresses at point M, (£*, n* 4 0) from
known stresses at point M; (£*, n* — 0) which lies next to it on the other side of curve
L.
In this case conditions (1.2) assume the form

um = wt, 0T =0t (i=E, 1) 2.1

which implies that only the component o.; can abruptly change its sign at transi-
tion through Z . The remaining components 0y, and o, are constant, hence we
discard in what follows their superscripts plus and minus, It follows from (2, 1) that
the relative strains

Bm = gt (2.2)
Moreover
8gr = C1Ogx + C1a0yy + €139, 1 1Sy (2.3)
&, = €130g¢ + CasOyy + Css5, + CaaOgy = 0. (2.4)
Substituting in (2,4) for o, its expression determined from (2. 3) we obtain
2.5
eer = g + duSng + dusyy (29
¢y5? €13Ca; €15C
dp=cy— clzs ' dn=cu—'%3ﬂ‘, '114———'Cm.-‘-Lc::—‘1

Note that in the generalized state of stress  dj; == ¢jy. The substitution of relation
(2.5) into formula (2,2) yields for the determination of Sgz* the equation

dy” dyy~ —dy* dy” — dy*
+ — -—
S = g, owT dn* S+ dyt  OEn
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which for an isotropic material assumes the form

+ {—wv E: _ Gyt — Gy~
S=T1T_v ¢ &t T m
In the caseof the generalized state of stress v¥* / (1 — v¥) must be substituted for
+
k'3 -
The results of the present investigation can be extended to problems involving

temperature effects by including in formulas (1. 1) terms that take into account such
effects,
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